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Abstract. We give a purely geometrical smooth characterization 
of closed infrasolv manifolds and orbifolds by showing that, up to 
diffcomorphism, these are precisely the spaces which admit a col- 
lapse with bounded curvature and diameter to compact flat orb- 
ifolds. Moreover, we distinguish irreducible smooth fake tori ge- 
ometrically from standard ones by proving that the former have 
non- vanishing D-minimal volume. 



1. Introduction 

In this article we consider smooth orbifolds O = X/T, where X is a 
simply connected Riemannian manifold and T is a properly discontinu- 
ously acting group of isometries. We also assume that a finite orbifold 
covering space of O is a manifold. If X is contractible, then O is called 
an aspherical orbifold. For the orbifolds considered here, the notion 
of smooth map and diffeomorphism can be declared by considering 
equivariant smooth maps on X. In what follows we are interested in 
geometrical properties of orbifolds which distinguish their diffeomor- 
phism class. 

Our first result relates collapsing of Riemannian orbifolds and the 
theory of Seifert fiberings: 

Theorem 1.1. Let M be a closed Riemannian orbifold which admits 
a bounded curvature collapse to a compact aspherical Riemannian orb- 
ifold O. Then M admits the structure of a smooth Seifert fibering over 
O with infranil fiber. In particular, M is an aspherical Riemannian 
orbifold. 

Seifert fiber spaces with infranil fiber are a special class of orbibun- 
dles whose fibers are naturally diffeomorphic to infranil-manifolds. The 
notion of Seifert fiber space with infranil fiber was systematically de- 
veloped by Raymond, Lee and others. (See [T7J[T8] for recent accounts. 
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The precise definition of Seifert fiber spaces is also given in Section 12.31 
below.) 

A Riemannian orbifold S = X/Y is called an infrasolv orbifold if 
X is isometric to a simply connected solvable Lie group S with left- 
invariant metric and T is contained in the group of affine isometries of 
S. It is called infranil if S is nilpotent. Remarkably, as is proved in [TJ, 
infrasolv orbifolds are diffeomorphic if and only if their fundamental 
groups are isomorphic. 

Theorem 1.2. Let S be a closed infrasolv manifold (or orbifold) with 
fundamental group Tti(S). Then S admits a canonical Seifert fibering 
with infranil fiber over a compact flat orbifold O. 

Contracting the fibers of the above bundle to a point in an inhomo- 
geneous way (see, for example, [22]) shows that S admits a bounded 
curvature collapse to the flat orbifold O. Moreover, in this setting S is 
infranil if and only if it collapses to a point. 

We also prove the following converse to Theorem 11.21 

Theorem 1.3. Assume that the closed manifold (or compact orbifold) 
M allows a bounded curvature collapse to a compact infrasolv orbifold 
O. Then M is diffeomorphic to an infrasolv manifold (respectively, 
orbifold) S . 

We thus obtain a purely geometrical smooth characterization of in- 
frasolv manifolds as follows: 

Corollary 1.4. A closed manifold is diffeomorphic to an infrasolv 
manifold if and only if it admits a bounded curvature collapse to a 
compact flat orbifold. 

The corollary generalizes the famous almost flat manifold theorem of 
Gromov-Ruh [141 [2TJ from infranil to infrasolv manifolds. It also holds 
for orbi- instead of manifolds (cf. Section 4), and strengthens the topo- 
logical characterizations of infranil and infrasolv manifolds in terms of 
collapsing, which were developed in [B] and in |22j, to the smooth case. 

The proof of the preceding results relies on techniques in the the- 
ory of collapsing of Riemannian manifolds (see the appendix of this 
article) and, as another crucial ingredient, on the rigidity of smooth 
Seifert fiberings with infranil fiber as established in [16]. We recall the 
required rigidity results in Section 12.41 
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The following applications shed some light on the geometry of fake 
tori. Recall that a smooth fake torus T n is a smooth manifold which 
is homeomorphic but not diffeomorphic to a standard torus T n . The 
existence of smooth fake tori, n > 5, was established by Wall and 
Browder, see [3], [23j 15 A]. Since, as follows from [TJ, smooth fake tori 
do not carry an infrasolv structure, we first have: 

Corollary 1.5. A smooth fake torus does not allow a bounded curva- 
ture collapse to a compact flat orbifold. 

Gromov has defined the minimal volume of a smooth manifold M, 
MinVol(M), as the infimum of all volumes vol g (M), where g ranges 
over all smooth complete Riemannnian metrics on M whose sectional 
curvature is bounded in absolute value by one. Gromov's critical vol- 
ume conjecture asserts that there exists 8(n) > such that if a closed 
smooth n-manifold M n admits a metric with |sec(M, g)\ < 1 and 
vol(M, g) < 5(ri), then MinVol(M) = 0. For n < 4 this conjecture 
is known to hold, see [2T)| [5] and the further references cited there. 

Given a real number D > 0, one may also consider the D-minimal 
volume, D-MinVol(M), where one requires that the infimum is taken 
over all metrics g as above, which additionally have diameter bounded 
from above by D. Cheeger and Rong have shown that there exists 
5 = 5(n,D) > such that if a closed smooth n-manifold M admits 
a Riemannian metric g with |sec(M, g)\ < 1, diam(M, g) < D, and 
vo\(M,g) < 5(n,D), then D-MinVol(M) = 0, see 0. In the special 
context of aspherical M this was proved by Fukaya in [7j. 

Call a fake smooth torus irreducible if it is not a product of a standard 
torus and a fake torus of lower dimension. For example, smooth fake 
tori obtained by taking the connected sum of standard tori with exotic 
spheres are always irreducible. Then the following holds: 

Corollary 1.6. Let T be a smooth fake torus which is irreducible. 
Then, for all D > 0, there exists a positive constant v(D) such that 

£>-MinVol(T) > u{D) > . 

Notice that closed infrasolvmanifolds have vanishing minimal vol- 
ume, since, by Corollary 1.4, they actually have vanishing D-minimal 
volume for appr opiate D > 0. 

Question 1.7. Do smooth fake irreducible tori also always have non- 
vanishing minimal volume ? 
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2. SEIFERT FIBER SPACES WITH NIL-GEOMETRY 

2.1. Infra-G manifolds. Let G be a Lie group. We let Aff(G) = 
G ■ Aut(G) denote the group of affine transformations of G. Note that 
the affine group Aff(G) is precisely the normalizer of (the left-action 
of) G in the group of all diffeomorphisms Diff(G). 

Definition 2.1. Let A < Aff(G) be a discrete subgroup whose ho- 
momorphic image in Aut(G) has compact closure. The quotient G/A 
is called an infra-G space. If G/A is a manifold then it is called an 
infra-G manifold. 

Example (Infranil manifolds). Let A be a simply connected nilpotent 
Lie group. Then a compact infra- A manifold A/A is called an infranil 
manifold. For an infranil manifold A/A, the intersection Ao = An A is 
the maximal nilpotent normal subgroup of A and it has finite index in 
A. (Bieberbach's first theorem, see [191 Chapter VIII].) In particular, 
for every infranil manifold, A has finite image in Aut(A), and A/ A 
has a canonical finite normal covering by the nilmanifold N/Aq. 

2.1.1. Affine group. Let V can denote the natural flat connection on G 
which is defined by the property that left-invariant vector fields are par- 
allel. The group of connection preserving diffeomorphisms Aff (G, V can ) 
then coincides with the group of affine transformations Aff(G) of G. 
In particular, every infra-G manifold 

G/A 

carries a flat connection V can induced from G. The group of connection 
preserving diffeomorphims of (G/A,V can ) arises from the normalizer 
A A fr( G )(A) of A in the group Aff(G) as 

Aff(G/A,V can ) = A Afr(G) (A)/A. 

(We will also use the shorthand Aff (G/A) = Aff (G/A, V can ).) 

2.2. Infra-A bundles. Let / : M — > B be a (locally trivial) fibration 
of smooth manifolds with fiber F. 

Definition 2.2. The fibration / is called an infra-G bundle over B 
if F = G/A is an infra-G manifold and the structure group of / is 
contained in the affine group Aff (G/A). 

2.2.1. Fiberwise affine maps. Let / : M^tB and /' : M'—^B' be 
infra-G bundles with fiber G/A. Then a map 

ip : M — > M' 
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is called fiberwise affine if it is a morphism of Aff(G/A)-bundles (that 
is, equivalently <p is a bundle map which induces an affine diffeomor- 
phism on each fiber). We let Aff(M, G/A) = Aff(M, G/A, f) denote 
the group of all fiberwise affine diffeomorphisms of /. 

2.3. Seifert fiber spaces. The following notion of Seifert fiber space 
has been developed in [IB], see also [TT] . 

2.3.1. Construction. Let A be a Lie group which acts properly and 
freely on the manifold A, and put W = A/A. We assume that W is 
simply connected. The normalizer of A in Diff(A) will be denoted by 
Diff (A, A). Let tt be a group and 

p : 7T — ► Diff (A, A) 

an action of tt which is properly discontinuous. Put ir^ = p~ 1 (N) for 
the subgroup of all elements in it which act on A via translations of 
A < Diff(A). 

Definition 2.3. Data (X,N,tt) as above define a Seifert fiber space if 
the following conditions are satisfied: 

(1) r = p(ir) fl A is a discrete uniform subgroup of A, 

(2) the induced action of 6 = tx/txn on W is properly discontinu- 
ous. 

In the situation of Definition I2.3[ p is called a Seifert action. If the 
action of tt is faithful then it gives rise to an exact sequence of groups 

i — >r — >n — ><s> — >i , 

where T = is isomorphic to a lattice in A. Note that, in general, 
the induced action of G on W may have a finite kernel. 

2.3.2. Seifert bundle maps. A Seifert fiber space gives rise to a Seifert 
bundle map 

o : A/tt — ► W/n = W /& 

whose fibers are compact infra- A spaces. The space X fir is called a 
Seifert bundle over the base orbifold W/Q with typical fiber the A- 
manifold N/p(ir) fl A. 



6 



OLIVER BAUES AND WILDERICH TUSCHMANN 



Remark. If X/tt is a manifold then, in fact, all fibers of a are (compact) 
infra- X manifolds. If also the base W/tt is a manifold then all fibers 
of a are naturally diffeomorphic to N/A, where A < tt is the normal 
subgroup of tt which acts trivially on W. In this situation, since tt 
normalizes X and A, the Seifert bundle map a defines a fibration whose 
structure group is discrete and contained in Aff(X/A). In particular, 
a is an infra- N bundle with fiber N/ A in the sense of Definition 12.21 
In general, a Seifert fibering does not give a locally trivial fiber bundle 
over the orbifold W/tt, but induces the structure of an orbibundle over 
W/tt. See [TF] for various examples. 

2.3.3. Seifert structures on manifolds and orbifolds. 

Definition 2.4. Let M be a smooth orbifold and (X, X, tt) a Seifert 
fiber space. A Seifert fiber structure on M is a diffeomorphism 

if : X/tt — ► M . 

2.4. Seifert fiber spaces with nil-geometry. In this subsection let 
N denote a simply connected nilpotent Lie group. A lattice in N is a 
discrete uniform subgroup of N . 

2.4.1. Existence. Let T be a finitely generated torsion-free nilpotent 
group and 

(1) 1 — >T — >tt — ><3) — >1 

an exact sequence of groups. 

Definition 2.5. A Seifert fiber space (X,N,tt) is said to realize the 
group extension (pQ) if p(T) is a lattice of N. 

Remark. In this situation, T is a subgroup of finite index in ttn = 
p^ 1 (N), and therefore the induced action of 9 on W = X/N is properly 
discontinuous. 

Theorem 2.6 ([161 §2.2]). Assume that acts properly discontinu- 
ously on a simply connected manifold W and let N be a simply con- 
nected nilpotent Lie group which contains T as a lattice. Then there 
exists a Seifert fiber space (X, N, tt), which realizes the group extension 
(TTJ) and which induces the given action of Q on W . 

2.4.2. Rigidity. Let N and N ; be simply connected nilpotent Lie groups, 
(X, N, tt) and (X 1 , N', tt') Seifert fiber spaces, and <fi : tt — > tt' a homo- 
morphism of groups. 

Definition 2.7. An equivariant diffeomorphism of actions 

(/, 0) : (X, tt) — ► (X', tt') 
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is called an affine equivalence of Seifert actions if fNf 1 = X'. 

Now consider an isomorphism of group extensions of the form 
1 ► T > 7T ► 6 > 1 









4> 



















1 > V > 7T' ► 0' ► 1 

The Seifert rigidity for nil-geometry may be stated as follows: 

Theorem 2.8 (pU §2.4]). Suppose (X, X, vr) and (X', X, vr') are Seifert 
fiber spaces which realize the group extensions in diagram (J2]) . If 

(f, 0) : (W, 6) -> (W, 6') , 

is an equivariant diffeomorphism then there exists a lift of f to an affine 
equivalence of Seifert actions 

(/, <j>) : (X, vr) -> (X', vr') . 

Note that, as a consequence, the Seifert rigidity constructs a diffeo- 
morphism of Seifert fiber spaces 

X/tt -> X'/vr' , 

which restricts to affine (in particular, connection preserving) maps on 
the infranil fibers. 

2.5. Infranil bundles over aspherical manifolds. Let N be a sim- 
ply connected nilpotent Lie group. In this subsection we relate the 
notions of infra-X bundle and Seifert fiber space more closely. Recall 
that a manifold is called aspherical if its universal covering manifold is 
contractible. The following result asserts that over an aspherical base 
the structure group of an infra-X bundle may be reduced to a discrete 
group. This implies that infranil bundles over an aspherical base are 
fiberwise affinely equivalent to a Seifert fiber space. 

Proposition 2.9. Let f : M^B be an infra-N bundle, where B 
is an aspherical manifold and X is a simply connected nilpotent Lie 
group. Let tt = 7Ti(M) and assume also that f has compact fiber N/A. 
Then there exists a Seifert fiber space (X, X, tt) which admits a fiberwise 
affine diffeomorphism 

(p : X/tt — > M 

to the infra-N bundle M. 
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Proof. By the long exact homotopy sequence of the fibration / we have 
an exact sequence 

l-»A-»7Ti(Af)->e-»>l 

where = tt\(B). Let p : W— >B be the universal covering of B, 
and / : M' — > W the induced infra- N bundle. The induced morphism 
of bundles M' — > M is a covering; its group of deck transformations is 
isomorphic to and it acts by fiberwise affine maps on / : M' — > W. 

Since W is contractible, the covering homotopy theorem implies that 
/ : M' —>W is G-equivalent to the product bundle N/A x W, where 
G = AS (N/A) is the structure group of /. That is, there exists a 
fiberwise affine diffeomorphism 

N/A xW -»■ M' 

of bundles over W . This map lifts to a diffeomorphism 

: X -> M 

of X = N x W to the universal cover M of M. Via </3, the group 
tt = 7Ti(M) has an induced fiberwise affine action on the (trivial) N- 
principal bundle X = N xW. Let Ao be the maximal nilpotent normal 
subgroup of A. Then Ao is normal in tt, and also Ao = A n N is a 
lattice in N. Since tt normalizes the lattice Ao, the action of n on X 
being fiberwise affine, Lemma I2.10I implies that tt normalizes N, that 
is, tt < Diff(iV xW,N). Therefore, the data (N x W, N, tt) define a 
Seifert fiber space which is affinely equivalent to the infra- N bundle 
M. □ 

We remark: 

Lemma 2.10. Let (X,N) be a principal bundle and Aq < N a lattice 
in N. Let iV Diff (x)(Ao) denote the normalizer of the left action of A 
mDiff(X). Then 

Aff(X,iV)niV Diff(x) (Ao) < DiS(X,N). 

Proof. Using local trivializations we may assume that X = N x W 
is a trivial bundle. Every element 7 of AS(X, N), being a fiberwise 
affine diffeomorphism of (X, N) , gives rise to a family of automorphisms 
l w € Aut(iV), w € W, which is defined by the property that 

7n7 _1 (v , w) = (£ w (n) v, jw) , for all n,v E N. 

(Here 7 : W —tW denotes the map which 7 induces on W .) If 7 nor- 
malizes A then, by Malcev rigidity of the lattice A , £ w = £ is constant, 
where i G Aut(iV) is the unique extension of the automorphism which 
7 induces on A . Therefore 7 normalizes N. □ 
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In our context, Seifert fiber spaces may be viewed as infra- N bundles 
with singular fibers: 

Proposition 2.11. Let f : M — > B be an infra-N bundle over the as- 
pherical base manifold B, where N is a simply connected nilpotent Lie 
group. Assume that f has compact fiber N/ A and let fi < Aff (Mo, N/A) 
be a finite group of fiberwise affine diffeomorphisms. Put 

M = M //i . 

Let 7i = 7Ti(M) be the orbifold fundamental group of M and ttq = 
7Ti(M ). Then there exists a Seifert fiber space (X,N,tt) over the base 
orbifold B / /i, a Seifert fiber structure ip : X/tt — > M and a commuta- 
tive diagram 

X/n > M Y B 

j 

X/tt ► M > Bjii 

where ifo is a fiberwise affine diffeomorphism of bundles over B. 

Proof. Let tt = m(M). By construction, the group tt acts as a group 
of decktransformations of the universal covering M — > M on M. This 
extends the corresponding action of 7r , and also induces the action of 
fi on Mo = M/ttq. Since the fibration / is /z-equivariant, the decktrans- 
formation group A < ttq for the fiber of / is normalized by n, and also 
the maximal nilpotent normal subgroup A is normalized by tt. Recall 
that A is a lattice in N. 

Proposition 12.91 constructs a Seifert fiber space (X, N, n ) and a fiber- 
wise affine diffeomorphism <^o as required. Let (p : (X, N) — y M be a 
lift of the diffeomorphism (po to the universal covers. Then (p is an 
affine map of bundles. We may pull back the action of tt to an action 
on X. Since by iii) above, fi acts on the fibers of / by affine transfor- 
mations, the transported action of n on X is fiberwise affine for the 
bundle (X, N). That is, tt is contained in AS(X, N). Using Lemma 
I2.1CH it follows that, a fortiori, tt is contained in Diff (X, N). Therefore, 
the data (X, N, it) satisfy the axioms of a Seifert action. □ 

3. Collapsing and Seifert fiberings 
We consider a compact aspherical orbifold O, where 

o = Y/e , 

Y is a contractible Riemannian manifold and < Isom(Y) acts prop- 
erly discontinuously on Y. Assume further that (M,g) is a closed 
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Riemannian orbifold which collapses to O with bounded curvatures. 
This means that there exists a sequence of Riemannian metrics Qi on 
M with uniformly bounded sectional curvature such that the metric 
spaces Mi = (M, g>j) converge to O in the Gromov-Hausdorff distance. 
That is, we have 

lim d GH (M h O) =0 . 

I — ^oo 

For the Gromov-Hausdorff distance and its generalizations see Appen- 
dix A. 

In this section, we show that the orbifold M carries a Seifert fiber 
structure over the base O. This proves Theorem ll.il in the introduction. 
In Section I3U1 we also prove Corollary II .61 

3.1. Equivariant collapsing on finite covers. Let 0o be a torsion- 
free normal subgroup of G, which is of finite index. By our general 
assumption on orbifolds, such a subgroup of always exists. Then 

T = Y/Q 

is a closed Riemannian manifold and it is an orbifold covering space of 
O. Note that O is a quotient of T by the group of decktransformations 
of the map T — > O. This is a finite group isomorphic to 0/0o- 

Proposition 3.1. With respect to an appropiate choice of Qq, there 
exists a sequence of Riemannian manifolds Mi = (M,gi), Riemannian 
orbifold covering maps 

Mi = (M, gi) — ► (M,gi), 

and a finite group [i which acts by isometries on Mi and T = Y/Qq 
such that 

(1) Mi = Mij and O = T/n; 

(2) the equivariant Hausdorff distance with respect to \i satisfies 

lim d M _ GH (Mi,T) =0 . 

i— >oo 

Proof. Let Xi denote the universal cover of Mj. Then M, = Xi/ir, 
where 7r acts on Xi as a discrete group of isometries. By Proposition 
A. 7 in Appendix A, there exists a sequence (Jfj, Tr,pi) G J\/l Groups such 
that 

lim (Xi,Tc,pi) = (Y, 6, q) 

i — > oo 

with respect to the equivariant Gromov-Hausdorff convergence with 
base point. Note that this implies (compare Definitions A. 2, A. 3.) 

lim (X l ,p t ) = (Y,q). 
i — y oo 
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Now let 7r' be a torsion-free finite index normal subgroup of ir. Using 
Proposition A. 4, we infer that there exists a closed subgroup 0' < 
Isom(y) such that (up to taking a subsequence) 

lim (X l ,7r',p l ) = (Y,Q',q) . 

i — ^ oo 

In particular, by Proposition A. 6 and taking into account that the 
involved spaces are compact, we have 

lim Xi/n = y/e' . 

i — > oo 

Let fi' = n/ n'. Then // acts isometrically as a finite group of deck- 
transformations of the maps Xi/n' — >Xi/n and furthermore 

X t /n = (X t /n')/fi' . 

Let Ai(fi') denote the space of isometry classes of compact metric 
spaces with isometric action of fi'. Since fi' is finite, the equivariant 
version of the pre-compactness theorem holds with respect to M(fi') 
(compare Proposition A. 5 in Appendix A). Therefore, after taking a 
subsequence, we may assume that there exists 

lim (X t /7c',fi') = (0',fi') eM(fi'). 

i — > oo 

This of course implies that 

Y/Q = lim Xi/n = lim (Xi/ir')/fi' = O'/fi' . 

i — > oo i — > oo 

We deduce, in particular, that O' = Y/Q' is a finite orbifold cover- 
ing space of Y/Q and 0' is a normal subgroup of 0. We have thus 
constructed a sequence of finite covering manifolds M[ = Xi/n' of M iy 
which converges to an orbifold covering space O' = Y/Q' of O in the 
Gromov- H ausdorff- dist ance . 

Observe that the action of ir' on X-i is free, since n' is torsion-free. 
Therefore, we may apply Proposition A. 8 in Appendix A to a torsion- 
free finite index normal subgroup ©o of 0', and infer that there exists 
a subgroup n of ir' such that 

(1) 7r is normal and of finite index in n', and furthermore 

(2) lim i _, oo (X i ,7r ,Pi) = (Y,Q ,q) . 

This gives rise to a sequence of Riemannian manifolds 

Mi = Xi/n 

converging to the manifold T = Y/Q in the Gromov-Hausdorff dis- 
tance, that is, 

lim Mi = T . 

i — > oo 
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Note that, by passing to a finite index subgroup of 7To, and arguing as 
in the first part of the proof, we can furthermore assume that 

(3) 7To is normal in tt. 

Now let = 7r/7ro. Then p, acts on Mj by isometries and Mj = Mi/ p. 
Furthermore, there exists a sequence (Mj, p) G M.(p) such that 

lim (Mj,//) = (T,/i) . 

I — > oo 

In other words, lim^oo g^-gh^M, T) = 0. This also implies ordinary 
Gromov-Hausdorff convergence of M/p to T/p. Since 

lim Mi/fi = lim Mi = C , 

i — > oo i — > oo 

we conclude that O — T/p. This proves the proposition. □ 

Proposition 13 . II allows to apply equivariant collapsing results for Rie- 
mannian manifolds. Indeed, Theorem B.2 in Appendix B implies that 
there exist a sequence of /x-equivariant fibrations 

such that, for i sufficiently large, 

i) each fiber f^ l {p) carries a flat connection (depending smooth- 
ly on p G T), such that f^ l {p) is affinely diffeomorphic to an 
infranil manifold iVj/Aj with canonical flat connection V can ; 

ii) the structure group of /j is contained in the Lie group 

^^-r X Aut(Aj) , 

where C(A^) denotes the center of Nf, 

iii) The affine structures on the fibers of /, are fi- invariant; 

iv) fi is an almost Riemannian submersion. 

Note, in particular, that in the terminology of Section [2.31 by ii), 
is an infra- Aj bundle over the base T with fiber the infranil manifold 
iVj/Aj, and, by iii), fi acts by fiberwise affine maps on the bundle /j. 

3.2. Induced Seifert fiber space structure. Since T is aspherical, 
on the level of fundamental groups the long exact homotopy sequence 
for the fibration fi : Mi — > T gives a short exact sequence 

(3) i—^Ai— ►tto— ►Go— M , 

where A« = 7Ti(A^/Aj) is (isomorphic to) a subgroup of Aff(iVj). Since 
the fiber iVj/Aj of fi is infranil, Aj intersects Ni in a uniform discrete 
subgroup Ajo, which is of finite index in Aj. In particular, Aj is a 
torsion-free finitely generated virtually nilpotent group, and A i0 is its 
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maximal nilpotent normal subgroup. Since Ajo is normal in ttq, we 
obtain another short exact sequence 

(4) l^A iO ^7T O ^0 O — + 1 , 

where Bo acts properly discontinuously on Y with quotient T. Propo- 
sition 12.91 and its proof now imply: 

Proposition 3.2. The infra-Ni bundle fi : Mj — > T together with its 
flat fiber connections arises from a Seifert fiber construction (Xi, Ni, ttq) 
for the exact sequence (EE} over the base T. 

This means that, for all i, there exists a Seifert fiber space (Xi, Ni, tto) 
over the base T = Y/Qq, which realizes the group extension (jlj), and 
which has as (so called) typical fiber the nilmanifold Ni/A 0i . Moreover, 
there exists a diffeomorphism 

(f>i : Xi/vro — > Mi 

which induces a commutative diagram 

Ni/Ai fr\p) 

(5) X/ttq M % > Mil ii = Mi . 

fi 

F/ttq — T > T/n = 

such that the fiber maps iVj/Aj ^> ff 1 (p) are affine diffeomorphisms. 
Since /j is /i-equivariant, it descends to the projection map Mj — >■ 0. 

Let <fi : Xi — y Mi be a lift of <pi to the universal covers. Since by 
iii) above, \x acts on the fibers of fi by affine transformations, the 
transported action of tt on Xi is fiberwise affine for the bundle (Xi, Ni). 
That is, 7r is contained in Aff(Xj, Ni). In the view of Proposition 12.111 
we thus have: 

Proposition 3.3. The Seifert action of -kq on (Xi, Ni) extends to a 
Seifert action of tt on (Xi,Ni), such that the diffeomorphism (f>i de- 
scends to a diffeomorphism of orbifolds (fi : Xi/n — >Mi. 

Since Aj is a normal subgroup of tt and A i0 is characteristic in Aj, 
we have induced exact sequences of the form 

(6) i—^Aio— ►tt— ►Gi— 
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moreover, for each i, there is a commutative diagram: 



1 > A i0 > 7T y O y 1 









II 



















(7) l ► A l0 y 7T y Si y 1 • 

1 ► A y 7i y y 1 

Note that the quotient 0j maps surjectively onto 0. Since, A;o is of 
finite index in A, 0, acts properly discontinuously on Y = X/N^. As 
diagram §5§ shows, the quotient space 

Y/Q t = r/e 

is diffeomorphic to the orbifold O = Y/Q. Therefore, the Seifert action 
(Xi, Ni, 7r) realizes the group extension flS]) over the orbifold O. We 
arrive at: 

Theorem 3.4. There exists a diffeomorphism of the Seifert fiber space 
X/tt which realizes the group extension (jSJ) over the base O to the 
orbifold Mj. 

In particular, the smooth manifold (respectively orbifold) M carries 
a Seifert fiber space structure over the orbifold O = Y/Q. 

3.3. Collapsing of irreducible fake tori. We show now that irre- 
ducible fake smooth tori do not collapse to aspherical Riemannian orb- 
ifolds. 

Proposition 3.5. Let T be an irreducible fake smooth torus. Then T 
does not admit a collapse with bounded curvature to a compact aspher- 
ical Riemannian orbifold O = Y/Q. 

Proof. Assume that M has such a collapse. By Theorem ll.il M admits 
the structure of a Seifert fiber space over O with infranil fiber, which 
realizes a group extension of the form 

1 z n - k -»■ Z n -> -»■ 1 . 

Since is abelian and it acts properly discontinuously with compact 
quotient on the contractible manifold Y, we infer that is torsion-free 
abelian, isomorphic to Z fc , k < n. Therefore, the above extension is 
isomorphic to the direct product 

Z n = jn-k x Z fc _ 
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Note that O = Y/Q is a manifold and a homotopy torus. This im- 
plies that O is also homeomorphic to a torus T k . The Seifert rigidity 
Theorem 12.81 implies that the Seifert fiber space T over O is affinely 
diffeomorphic to the product T n ~ k x O. Therefore, O is a fake smooth 
torus. This contradicts the irreducibility of T . □ 

We can give now the proof for Corollary 11.61 

Proof. Assume to the contrary that D-MinVol(T) = 0. Since T is as- 
pherical, this assumption implies (see the proof of Fukaya's Theorem 
[9j Theorem 0-1] or [7J Theorem 16.1]) that T admits a bounded curva- 
ture collapse to a compact aspherical Riemannian orbifold O = Y/Q. 
This is not possible by the previous proposition. □ 

4. Seifert fiberings on infrasolv manifolds 

Let S be a simply connected solvable Lie group. 

Definition 4.1. A compact infra-*? space S/A will be called an infra- 
solv orbifold. If S/A is a manifold, it is called an infrasolv manifold. 

In this section we prove that up to diffeomorphism every infrasolv 
orbifold arises from a Seifert fiber construction with nil-geometry over 
a flat Riemannian orbifold. In addition we show that the class of man- 
ifolds which are diffeomorphic to infrasolv manifolds is closed with 
respect to the Seifert fiber construction with nil-geometry. In view of 
Theorem 11.11 this implies Theorem 11.31 in the introduction. 

4.1. Flat orbifolds associated to virtually abelian groups. Let 

9 be a finitely generated virtually abelian group of rank k. Then 
there exists a homomorphism — > Isom(IR fc ) such that acts properly 
discontinuously on IR fc . This homomorphism is unique up to conju- 
gacy by affine transformations (that is, by elements of Aff(R fc )). (By 
Bieberbach's second and third theorems, see, for example, [21] •) Let 
Oq = R fc /0 denote the flat orbifold associated to 0. 

4.2. Seifert fiberings over flat orbifolds. The following implies 
Theorem 11.21 in the introduction: 

Theorem 4.2. Let M = S/tt be an infrasolv orbifold, and 
(8) 1 — >A — >n — >Q — >1 

an exact sequence of groups, where A is a finitely generated torsion- 
free nilpotent group. Assume further that is a virtually abelian finitely 
generated group of rank k. Then M admits a Seifert fiber structure over 
the flat orbifold Oq = H k /Q, which realizes the group extension (jSJ). 
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Proof. Since M is diffeomorphic to a standard 7r-orbifold M n (see be- 
low), it is enough to show the statement for M v . Therefore, the theorem 
is a consequence of Proposition 14.81 below. □ 

Corollary 4.3. Every infrasolv orbifold has a Seifert fiber structure 
(with nil-geometry) over aflat orbifold. 

Proof. Indeed, we may consider the Fitting subgroup Ao of tt, which 
is (by definition) the maximal nilpotent normal subgroup of tt. This 
gives rise to an exact sequence of the form (IH|). □ 

Let Ti be a torsion-free virtually polycyclic group. Then (by [2], but 
see also Section [4.3.41 below), there exists an infrasolv manifold M n 
with fundamental group tt. 

Corollary 4.4. Let X/tt be the total space of a Seifert fiber space with 
nil-geometry over a flat orbifold O = M fe /©. Then X/tt is (diffeomor- 
phic to) an infrasolv manifold. 

Proof. Since X/tt is a Seifert fiber space over the base O, there exists a 
homomorphism tt — > O, as in ([8]). Let M v be an infrasolv manifold with 
fundamental group tt, and / : M n — > O the bundle map for the Seifert 
fiber structure on M n which realizes the group extension representing 
the map tt — >Q. By Theorem 12.81 (uniqueness of the Seifert construc- 
tion), the infra- N bundles M n and X/tt are fiberwise affinely diffeo- 
morphic over O. In particular, and X/tt are diffeomorphic. □ 

4.3. Flat affine manifolds. Let U be a unipotent real linear alge- 
braic group. Then U is in particular a simply connected nilpotent Lie 
group. Conversely, every simply connected nilpotent Lie group admits 
the structure of a unipotent real linear algebraic group. (Cf. [19, Pre- 
liminaries, §2] for basic facts on linear algebraic groups.) 

4.3.1. Flat manifolds modeled on U . We consider manifolds which carry 
locally the affine geometry of U. This generalizes the notion of infra-f/ 
manifold, which is an essentially metric concept. 
Let AS(U) = AS(U, V can ) be the affine group of U. 

Definition 4.5. Let A < Aff(£/) be a discrete subgroup which acts 
properly on U with compact quotient. Then the quotient 

U/A 

is called a flat affine U -orbifold. If A acts freely on U then U/A is a 
flat affine U -manifold. 

Remark. A long standing conjecture ("Auslander's conjecture") as- 
serts that A must be a virtually polycyclic group. 
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4.3.2. Unipotent shadow and algebraic hull. Now let A be a virtually 
polycyclic group without a finite (non-trivial) normal subgroup. By a 
construction, originally due to Mostow and Auslander (see [19j Chapter 
IV, Proposition 4.4] and [TJ Appendix A.l], for reference), we may 
associate to A in a unique way a unipotent real linear algebraic group 
Ua, which is called the unipotent shadow of A. The unipotent shadow 
Ua has the following characterizing additional properties: 

(1) dim [7a — rank A. (Recall that the rank of A coincides with 
the virtual cohomological dimension of A.) 

(2) There exists a Q-defined real linear algebraic group H = Ha 
which has A < H(Q) as a Zariski-dense subgroup. 

(3) There is a splitting of algebraic groups H = Ua x T, such that 
T is a subgroup of semi-simple elements which acts faithfully 
on Ua- 

The group H is called the algebraic hull of A. 

4.3.3. Standard A-manifolds. Since T acts faithfully on Ua, we may 
realize the hull H = Ha as a subgroup of A&(Ua) in a natural way. In 
particular, in this way, A acts faithfully on Ua by affine transforma- 
tions. Then we have: 

Theorem 4.6 (cf. [TJ Theorem 1.2]). The affine action of A on Ua is 
properly discontinuous, and it is uniquely defined up to conjugacy with 
an element of the affine group AS(U). 

The quotient space 

M A = Ua/A 

is called a standard A-orbifold. If Ma is a manifold it is called a stan- 
dard A-manifold. Remarkably, in standard A-manifolds all homotopy 
equivalences of maps are induced by affine automorphisms of Ua, see 
&■ 

Remark. If A is an arbitrary virtually polycyclic group, dividing 
by its maximal finite normal subgroup yields a unique homomorphism 
A —7- A onto the fundamental group of a standard A-orbifold. We also 
call M A = Ma the standard A-orbifold associated to A. 

4.3.4. Smooth rigidity of infrasolv manifolds. As remarked in [TJ, ev- 
ery standard A-manifold admits a (in general, non-unique) infrasolv 
manifold structure modeled on some solvable Lie group. In particular, 
every torsion-free group A as above appears as the fundamental group 
of an infrasolv manifold. Moreover, standard A-manifolds may serve 
as unique smooth models for infrasolv manifolds: 
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Theorem 4.7 (cf. pQ Theorem 1.4]). Let M = S/A be a (compact) 
infrasolv manifold, where S is a simply connected solvable Lie group 
and A < Aff(S') a discrete group of isometries. Then M is smoothly 
diffeomorphic to the standard A-manifold Ma- 

The corresponding statements for infrasolv orbifolds and standard 
A-orbifolds hold as well, with the same proof as in pp. 

4.4. Seifert fiberings on standard-manifolds. Let M n be a stan- 
dard 7r-orbifold, where tt is a virtually polycyclic group. Consider an 
exact sequence of groups 

(9) 1 — >A — >tt — >S — >1, 

where A is a finitely generated torsion-free nilpotent group. 

Proposition 4.8. There exists a Seifert fiber structure for M v , which 
realizes the group extension (Q over the standard Q-orbifold M®. 

Proof. Let U = U n be the unipotent shadow of tt. Recall that for the 
standard affine embedding tt < AS(U) the intersection U fl 7T is the 
maximal nilpotent normal subgroup Fitt(7r) of tt (see [1]). Since A is 
nilpotent, we therefore have A < U . Let Uq be the Zariski-closure of 
A in U . Then A is a finite index subgroup of Aq = UqCitt. Moreover, 
Uq is normalized by tt, since A is a normal subgroup of tt. Since tt 
is Zariski-dense in H = UT it follows, in particular, that Uq is normal 
in H and hence also in U. Let U\ = U/Uq be the quotient unipotent 
Q-defined real linear algebraic group. 

We consider now the induced homomorphism H — > Aff (Ui). Let 
denote the image of tt in Aff(L r i). It clearly is a Zariski dense subgroup 
of the image Hi of H in Aff(L r i). Since U\ is the unipotent radical 
of Hi, we have the relation dimU — dim[/ = dimf/i < rank© (see 
[TDl Chapter IV, Lemma 4.36]). Since A is contained in the kernel 
of tt — > B, we have rank 6 < rank tt — rank A = dim U — dim Uq. We 
conclude that rankO = dim[/i. It is now evident that the image H\ of 
H in Aff([/i) satisfies the axioms for an algebraic hull of G. Therefore 
Mq = U\/Q is a standard G-manifold. The data (X, N, tt) = (U, Uq, tt) 
define a Seifert bundle map 

a : M n — > M e 

and the Seifert construction (U, Uq, tt) realizes the group extension (J9]) 
over Mg = M e . □ 

Corollary 4.9. The class of smooth orbifolds represented by standard 
A-orbifolds is closed with respect to the Seifert fiber construction with 
nil-geometry. 
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Proof. Indeed, let a : M — )■ Mg be a Seifert fiber space over a standard 
orbifold Mg, which realizes a group extension of the form ([§]). By the 
previous proposition, the standard- tc orbifold M v also supports a Seifert 
construction with nil-geometry over Mg, which realizes fl9]). By the 
Seifert rigidity theorem (Theorem 12. 8 p . M and M w are diffeomorphic. 

□ 

5. APPENDIX 

In the following sections we gather several important notions and 
results from equivariant Gromov-Hausdorff convergence, developed by 
Fukaya and Yamaguchi, and the work of Cheeger, Fukaya, and Gromov 
on collapsed Riemannian manifolds with bounded sectional curvature. 
General references for these topics are [7] and [15]. 



Appendix A. (Equivariant) Gromov-Hausdorff 

Convergence 

Let us first recall the definition of the classical Hausdorff distance: For 
subsets A and B of a metric space X, the Hausdorff distance between 
A and B in X, d^(A, B), is defined as the infimum of all positive real 
numbers e such that the open ^-neighbourhood of A in X contains B 
and vice versa. For any metric space X, the Hausdorff distance 
then defines a metric on the set of all closed and bounded nonempty 
subsets of X. 

Around 1980, Gromov introduced an abstract version of the Haus- 
dorff distance as follows: The Gromov-Hausdorff distance of two com- 
pact metric spaces X and Y, dcH(X,Y), is defined as the infimum of 
all numbers dfj(f(X),g(Y)), where Z ranges over all metric spaces in 
which X and Y can be imbedded isometrically, and / and g over all 
isometric embeddings X — > Z and Y — > Z. Alternatively, the Gromov- 
Hausdorff distance of X and Y can also be defined as the infimum of 
all Hausdorff distances dfj(X,Y), where Z is the disjoint union of X 
and Y and where the infimum is now taken over all metrics on Z which 
extend the metrics on X and Y. 

The Gromov-Hausdorff distance den defines a metric on the collec- 
tion C of all compact metric spaces, considered up to isometry, and 
therefore gives rise to the notion of Gromov-Hausdorff convergence of 
sequences of compact metric spaces. Moreover, with respect to dcH, 
the space C is complete. 
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It is sometimes also convenient to work with so-called (Gromov-) 
Hausdorff approximations: If X and Y are compact metric spaces and 
e is real and positive, a (not necessarily continuous) map <fi : X — > Y is 
called an e— Hausdorff' approximation from X to Y if | dy((f)(x), (f>(x')) — 
dx(x,x') | < e for all x, x' G X and if the e— neighbourhood of <f>(X) 
in Y is equal to Y. 

Notice that if dcH{X, Y) is less than e, then there exist 3e— Hausdorff 
approximations from X to Y and Y to X. Conversely, if there exist 
e— Hausdorff approximations between X and Y, then doiiiX, Y) < 
3e. In particular, Gromov-Hausdorff convergence can therefore also be 
defined via Hausdorff approximations. 

There is also a useful notion of Gromov-Hausdorff convergence for 
noncompact metric spaces, at least for length spaces in which, by defini- 
tion, the distance between points is given by the infimum of the lengths 
of all curves joining the points: 

A sequence (X n ,x n ) n( zfq of locally compact length spaces with given 
basepoints x n G X n is said to converge to a pointed metric space (Y, y) 
in the pointed Gromov-Hausdorff sense if, for all r > 0, the closed 
r-balls B r (x n ) Gromov-Hausdorff converge in the usual sense to the 
closed r-ball B r (y) in Y. 

Under this so-called pointed Gromov-Hausdorff convergence or Gro- 
mov-Hausdorff convergence with basepoint, the collection M. of all lo- 
cally compact complete pointed length spaces, considered up to isome- 
tries that preserve basepoints, is complete as well. Moreover, the same 
is true for ordinary Gromov-Hausdorff convergence in the subspaces 
C{D) of C which are made up of the isometry classes of compact length 
spaces subject to a given uniform upper bound D for the diameter. 

In the context of Riemannian manifolds with lower curvature bounds 
Gromov obtained the following fundamental result: 

Theorem A.l (Gromov's Precompactness Theorem) For any 

natural number m and any real numbers k and D, the class of closed 
Riemannian m-manifolds with Ricci curvature Ric > (m — 1) k and 
diameter diam < D is precompact in C(D) with respect to Gromov- 
Hausdorff convergence, and the class of pointed complete Riemannian 
m-manifolds with Ric > (m — 1) k is precompact in M. with respect to 
the pointed Gromov-Hausdorff topology. 

If one replaces the Ricci curvature bounds in Theorem A.l by sec- 
tional curvature ones, one may actually replace C(D) and M. by ap- 
propiate classes of Alexandrov spaces, but we will not need this here. 
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Instead, let us now turn to notions of Gromov-Hausdorff convergence 
for metric spaces which are equipped with isometric group actions. 

Let Ai be as above, and let JH Groups consist of all triples (X,T,p) 
with (X, p) G M. such that T is a closed subgroup of the isometry group 
of X, and let in this case for real positive r be T(r) the set of all 7 G T 
for which d(jp,p) < r. 

Definition A. 2 An e-equivariant Hausdorff approximation with base- 
point p from (X, F,p) G M G to (Y, A, q) G M Groups is given by a triple 
of maps (/, 0, ip) with 

f : B p (l/e, X) — >■ Y, : r(l/e) ->• A(l/e) and ^ : A(l/e) ->■ r(l/e) 
that satisfies the following conditions: 

1- f(p) = q; 

2. the e -neighbourhood of f(B p (l/e,X)) contains B q (l/e,Y) ; 

5. for all xi, x-i G B p (l/e, X) one has 

I d(f(xi), f(x 2 )) - d(x!,x 2 ) I < e ; 

^. i/7 G r(l/e), x G B p (l/e,X), and G B p (l/e,X), then 
<J(/(7*),*(7) (/(*))) < e; 

5. i/// G A(l/e), x G (Sp(l/e,X), and ip(fi) (x) G (S P (1/£,X), i/ien 
d(f(i>(ii) (x)),ii(f(x)) < e. 

Notice that it is neither required that the maps occuring here be 
globally defined, nor that they be continuous, nor, as regards <f> and ip, 
be homomorphisms. 

Definition A.3 Let (X, T,p), (Y, A, q) G M Groups . The equivariant 
Gromov-Hausdorff distance with basepoint dQ H ((X,T,p),(Y,A,q)) is 
defined as the infimum of all positive real numbers e such that there exist 
e-equivariant Hausdorff approximations with basepoint from (X, T,p) to 
(Y, A, q) and vice versa. 
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// (X n , T n ,p n ), (Y, A, q) e M Groups , the equation 
Hindoo (X n , T n ,p n ) = (Y, A, q) 

means that 

lim^oo d GH ((X n ,T n ,p n ),(Y,A,q)) = 0. 



If the groups that occur in the above definition are isomorphic to a 
fixed group G, we will also speak of G-equivariant Gromov-Hausdorff 
distance (with basepoint). 

In the case where all groups are trivial, we will write (X,p) instead 
of (X,id,p) etc. and dan instead of d GH , and equivariant Gromov- 
Hausdorff convergence with basepoint then reduces to ordinary Gromov- 
Hausdorff convergence with basepoint. 

Let us also note that in the situtation where all spaces in question are 
compact and have uniformly bounded diameters, Gromov-Hausdorff 
convergence and Gromov-Hausdorff convergence with base point are 
essentially equivalent concepts: The latter clearly implies the former, 
and up to passing to a subsequence the converse also holds. 

Let us now gather several important facts and results concerning 
equivariant Gromov-Hausdorff convergence. 

Proposition A.4 ([13J) If (X n ,T n ,p n ) e M Groups and (Y,q) G M 
satisfy with respect to the Gromov-Hausdorff distance with basepoint 

lim^oo (X n ,p n ) = (Y, q) , 

then there exist A and a subsequence {rik}km such that (Y,A,q) e 
M Grou PS and such that 

Hindoo (X nk , T nk , p n J = (T, A, q) . 



Notice that even if all T n and X n above are the same, in general the 
limit group A can be a different group. However, for compact groups 
and spaces we have the following stability result. 

Proposition A. 5 ([7, Theorem 6.9]) Let G be a group and M.(G) 
denote the set of all isometry classes of compact metric spaces equipped 
with an isometric G-action. IfG is compact, then for any natural num- 
ber m and any real numbers k and D, the class of closed m- dimensional 
Riemannian G-manifolds with Ricci curvature Ric > (m — 1) k and 
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diameter diam < D is precompact in M.{G) with respect to the G- 
equivariant Gromov-Hausdorff topology. 

The following results establish several relations between equivariant 
Gromov-Hausdorff convergence and convergence of subgroups and quo- 
tient spaces. 

Proposition A.6 ([12J) // (X n , T n ,p n ), (Y, A, q) G M Groups and 
lim.j^oo (X n , T n , p n ) = (Y, A, q) , 

then 

(X n /T n ,p n ) = (Y/A,q), 

where p n and q denote the images of p n and q, respectively, under the 
canonical orbit space projections X n — > X n /T n and Y — > Y/A. 

Proposition A. 7 Q12J) Let X n and Y be complete and simply con- 
nected Riemannian manifolds and T n resp. A be closed subgroups of 
the isometry groups of X n resp. Y which all act effectively and prop- 
erly dis continuously . Suppose, moreover, that the sectional curvatures 
of X n and Y are uniformly bounded in absolute value. Then 

(X n /T n ,p n ) = (Y/A,q) 

implies 

(X n ,T n ,p n ) = (Y, A, q) . 

Proposition A.8 ([13J) Let (X n , T n ,p n ), (Y, A, q) E M Groups satisfy 

lim^oo (X n , T n , p n ) = (Y, A, q) 

and let A' be a normal subgroup of A such that the following conditions 
hold: 

1. A/ A' is discrete and finitely presented; 

2. Y/A is compact; 

3. there exists r > such that A' is generated by A'(r) and such that 
the homomorphism ni(B q (r,Y),q) — > ni(Y, q) is surjective; 

4- for all n, X n is simply connected and T n acts freely and properly 
dis continuously on X n . 

Then there exists a sequence of normal subgroups T' n ofT n satisfying 
(a) lim^oo (X n , T' n , p n ) = (Y, A', q) ; 
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(b) T n /T' n is isomorphic to A/A' for all sufficiently large n. 



Appendix B. Collapsing of manifolds under both-sided 

BOUNDS ON SECTIONAL CURVATURE 

We will now briefly describe the collapsing of Riemannian manifolds 
with both-sided bounds on sectional curvature, where a detailed struc- 
ture theory has been initiated and developed in the works of Cheeger, 
Fukaya, Gromov, and others. 

Let M = (M m , g) be a Riemannian manifold of dimension m and let 
FM = F(M m ) denote its bundle of orthonormal frames. When fixing 
a bi-invariant metric on 0(m), the Levi-Civita connection of g gives 
rise to a canonical metric on FM, so that the projection FM — > M 
becomes a Riemannian submersion and so that 0(m) acts on FM by 
isometries. Another fibration structure on FM is called 0(m) invariant 
if the 0(m) action on FM preserves both its fibres and its structure 
group. 

A pure N- structure on M m is defined by an 0(m) invariant fibration, 
fj : FM — > B, with fibre a nilmanifold isomorphic to (N/T, V can ) and 
structural group contained in the group of affine automorphisms of the 
fibre, where B is a smooth manifold, AMs a simply connected nilpo- 
tent group and V can the canonical connection on A" for which all left 
invariant vector fields are parallel. A pure A^-structure on M induces, 
by 0(m)-invariance, a partition of M into "orbits" of this structure, 
and is then said to have positive rank if all these orbits have positive 
dimension. A pure N-structure fj : FM — > B over a Riemannian man- 
ifold (M , g) gives rise to a sheaf on FM whose local sections restrict 
to local right invariant vector fields on the fibres of fj, and if the local 
sections of this sheaf are local Killing fields for the metric g, then g is 
said to be invariant for the N-structure (and fj is then also sometimes 
referred to as pure nilpotent Killing structure for g). Cheeger, Fukaya 
and Gromov showed: 

Theorem B.l ([4J) Let for m > 2 and D > 9K(m, D) denote the 
class of all m- dimensional compact connected Riemannian manifolds 
(M,g) with sectional curvature \K g \ < 1 and diameter diam(g) < D. 
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Then, given anye > 0, there exists a positive number v = v(m,D,e) > 
such that if (M,g) G 0Jt(m, D) satisfies vol(g) < v, then M m admits 
a pure N-structure fj : FM — » B of positive rank so that 

(a) there is a smooth metric g £ on M which is invariant for the N- 
structure fj and for which all fibres of fj have diameter less than e, 
satisfying 

e~ £ g <g £ <e £ g , | V 9 - V 3e | < e , | V l g R 9s | < C(m, I, e) ; 

(b) there exist constants i = i(m,e) > and C = C(m,e) such that, 
when equipped with the metric induced by g £ , the injectivity radius of 
B is > i and the second fundamental form of all fibres off) is bounded 
byC. 

The 0(m) invariance of a pure N-structure fj : FM — > B implies 
that the 0(m) action on FM descends to an 0(m) action on B and 
that the fibration on FM descends to a possibly singular fibration on 
M, i] : M m — > B/0(m), such that the following diagram commutes. 

F(M m ) —5-). B 



M m B/0{m) 

Theorem B.l describes the structure of a general collapse with bounded 
curvature, where B/0(m) is in general not a manifold. However, in the 
case where one has a bounded curvature collapse to a manifold limit 
space, there is also Fukaya's following equivariant fibre bundle version 
of the above result: 



Theorem B.2 ([3 El [10]) Let Mi e Tt{m, D), N e Tt{n, D) and let 
G be a compact Lie group which acts on Mi and N by isometries so 
that the M n converge for i — > oo to N in the G-equivariant Gromov- 
Hausdorff distance. Then, for i sufficiently large, there exist mappings 
Tti : Mi — > N which satisfisfy 

(a) 7Tj : Mi — >■ iV is a fibre bundle and 7ii is G-equivariant; 

(b) each fiber ^^(p) carries a flat connection which depends smooth- 
ly on p £ N, such that n' 1 ^) is affinely diffeomorphic to an infranil 
manifold Ni/ Ai with its canonical flat connection V can ; 
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(c) the affine structures on the fibres of ' ix-i : Mj — >■ N are G-invariant; 

(d) the structure group of iti is contained in the Lie group 

^^ Nl) A x Aut(Aj) , 
C(Ni) n Ai 1 1,1 

where C(iVj) denotes the center of N^; 

(e) 7Tj is an almost Riemannian submersion in the sense that for any 
p G N and any tangent vector v e T p Mi orthogonal to the fibre ir~ l {p), 
one has an estimate 

e-°« < | |d7r^)| | / | H| < e°«, 

where o(i) satisfies limi^^o^) = 0. 



References 

[1] O. Baues, Infra-solvmanifolds and rigidity of subgroups in solvable linear alge- 
braic groups, Topology, 43 (2004), no. 4, 903-924. 

[2] L. Auslander, F.E.A. Johnson, On a conjecture of C.T.C. Wall, J. London 
Math. Soc. 14 (1972), no. 2, 331-332. 

[3] W. Browder, On the action o/9 n (dn), Differential and Combinatorial Topol- 
ogy (A Symposium in Honor of Marston Morse), 23-36, Princeton Univ. Press, 
Princeton, N.J., 1965. 

[4] J. Cheeger, K. Fukaya, M. Gromov, Nilpotent structures and invariant metrics 
on collapsed manifolds, J. Amer. Math. Soc. 5 (1992), no. 2, 327-372. 

[5] J. Cheeger, X. Rong, Existence of polarized F-structures on collapsed manifolds 
with bounded curvature and diameter, Geom. Funct. Anal. 6 (1996), no. 3, 411- 
429. 

[6] F. T. Farrell, W. C. Hsiang, Topological characterization of fiat and almost fiat 
Riemannian manifolds M" (n ^ 3,4), Amer. J. Math. 105 (1983), 641-672. 

[7] K. Fukaya, Hausdorff convergence of Riemannian manifolds and its applica- 
tions, Recent Topics in Differential and Analytic Geometry, Advanced Studies 
in Pure Mathematics 18-1, 143-238, 1990. 

[8] K. Fukaya, Collapsing Riemannian manifolds to ones with lower dimension. 
II. J. Math. Soc. Japan 41 (1989), no. 2, 333-356. 

[9] K. Fukaya, A compactness theorem of a set of aspherical Riemannian orbifolds, 
A fete of topology, 391-413, Academic Press, Boston, MA, 1988. 
[10] K. Fukaya, A boundary of the set of the Riemannian manifolds with bounded 

curvatures and diameters, J. Differential Geom. 28 (1988), no. 1, 1-21. 
[11] K. Fukaya, Collapsing Riemannian manifolds to ones of lower dimensions, J. 

Differential Geom. 25 (1987), no. 1, 139-156. 
[12] K. Fukaya, Theory of convergence for Riemannian orbifolds, Japan J. Math. 
12 (1986), 121-160. 

[13] K. Fukaya and T. Yamaguchi. The fundamental groups of almost nonnegatively 
curved manifolds, Ann. of Math. (2) 136 (1992), 253-333. 



SEIFERT FIBERINGS AND COLLAPSING 



27 



M. Gromov, Almost flat manifolds, J. Differential Geom. 13 (1978), 231-241. 
M. Gromov, Metric structures for Riemannian and non-Riemannian spaces. 
Progress in Mathematics, vol. 152, Birkhauser, Boston, 1999. 
Y. Kamishima, K.B. Lee and F. Raymond, The Seifert construction and its 
applications to infranil manifolds, Quart. J. Math., Oxford (2), 34 (1983), 
433-452. 

K.B. Lee and F. Raymond, Seifert manifolds, Handbook of geometric topology, 
635-705, North-Holland, Amsterdam, 2002. 

K.B. Lcc and F. Raymond, Seifert fiber ings. Mathematical Surveys and Mono- 
graphs, 166. American Mathematical Society, Providence, RI, 2010. 
M.S. Raghunathan, Discrete subgroups of Lie groups, Ergcbnissc Math. vol. 68, 
Springer Verlag, Berlin, New York, 1972. 

X. Rong, The existence of polarized F-structures on volume collapsed J i - 
manifolds, Geom. Funct. Anal. 3 (1993), no. 5, 474-501. 
E.A Ruh, Almost flat manifolds, J. Differential Geom. 17 (1982), 1-14. 
W. Tuschmann, Collapsing, solvmanifolds and infrahomogeneous spaces, Dif- 
ferential Geom. Appl. 7 (1997), no. 3, 251-264. 
C.T.C. Wall, Surgery on compact manifolds, Academic Press, 1970. 
J. A. Wolf, Spaces of constant curvature, new edition, AMS 2010. 

Oliver Baues and Wilderich Tuschmann, Fakultat fur Mathematik, 
Karlsruher Institut fur Technologie (KIT), D-76128 Karlsruhe, Ger- 
many 

E-mail address: Oliver . baues@kit . edu 
E-mail address: tuschmann@kit.edu 



